Abstract. Through techniques afforded by C * -algebras and Hilbert modules, we study the topology of spaces which parametrize families of instanton gauge fields on noncommutative Euclidean four-spheres S 4 σ . By deforming the ADHM construction of instantons on the classical sphere S 4 , we obtain families of instantons on the quantum sphere which are naturally parametrized by noncommutative topological spaces. Using the internal gauge theory of S 4 σ determined by the inner automorphisms of its function algebra, we find that one may always recover a classical parameter space by making a suitable choice of internal gauge.
Introduction
The moduli space of anti-self-dual gauge fields (instantons) on a compact four-dimensional spin manifold encodes a vast amount of information about its differential structure. Although the field of differential geometry is well over a hundred years old, the study of instanton moduli spaces has over the past three decades inspired some great leaps forward in the development of the subject as a modern entity [15] .
On the other hand, the field of noncommutative differential geometry is still relatively new: our understanding of the differential structure of noncommutative spin manifolds is very much in its infancy. From this point of view, it is only natural to hope that studying moduli spaces of instantons on noncommutative four-manifolds will lead to some insight into the parameters on which their differential structures might depend [27] . Recent years have witnessed some rapid progress in this direction although, for the most part, this has been purely at the algebraic level [23, 3, 4, 8] . In this paper we continue our somewhat more refined approach to the study of instantons on noncommutative manifolds [5] , which takes place at the much richer analytic level of noncommutative topology afforded by C * -algebras and the differential structure of noncommutative spin manifolds encoded by Connes' notion of a spectral triple [9] .
Arguably the simplest example of a four-dimensional noncommutative spin manifold is the quantum four-sphere S 4 σ of [11] , obtained via 'isospectral deformation' of the classical sphere S 4 along the isometric action of a two-torus T 2 , where σ is a deformation parameter. This quantum sphere is therefore a natural point of departure for our exploration of the structure of instanton moduli spaces in noncommutative geometry.
In [4] it was shown that, at the level of describing spaces in terms of their coordinate algebras, it is possible to have both classical and noncommutative parameter spaces for the same system of instantons on S 4 σ . These parameter spaces are related by new 'internal' gauge transformations determined by the inner automorphisms of the function algebra of the underlying noncommutative manifold [10] , which for classical spaces are necessarily trivial. The goal of the present paper is to make these ideas more precise, by showing that they have a very natural interpretation at the more interesting level of C * -algebras and spectral triples.
In passing from algebraic geometry to the more complicated setting of operator spaces, we are led to adopt a much more careful description of the construction of instantons and, in particular, of their gauge theory. In classical geometry, the gauge group of a Hermitian vector bundle E over S 4 consists of the set of unitary vertical automorphisms of the differential fibration E → S 4 . Over the noncommutative sphere S 4 σ , the new internal gauge symmetries afforded by the noncommutativity of the function algebra C(S 4 σ ) must also be incorporated into the group of gauge symmetries [10, 7] .
The paper is organized as follows. In §2 we sketch Kasprzak's recent approach [19] to Rieffel's strict deformation quantization [29] ; this is the deformation procedure that we shall use herein to obtain noncommutative spaces from classical ones. The strategy is built upon Landstad's beautiful characterization of crossed product C * -algebras [24] , which uses the Takai-Takesaki dual action to determine the conditions under which a given C * -algebra B is isomorphic to a crossed product B ≃ A>⊳ Γ for a given Abelian group Γ. Kasprzak's observation is that this dual action may be twisted using a given choice of two-cocycle σ on the Pontryagin dual group Γ to obtain a new dual action upon B and hence a different but isomorphic factorization of the crossed product B ≃ A σ >⊳ Γ. In contrast to Rieffel's original approach to strict deformation quantization (which goes first via group actions on smooth subalgebras), Kasprzak's version has the advantage of being applicable directly at the C * -algebraic level and is therefore particularly appropriate to the techniques of noncommutative topology used in the present paper.
In §3 we apply the Landstad-Kasprzak theory of twisted C * -algebras to obtain the noncommutative sphere S 4 σ from its classical counterpart S 4 . We then extend this to obtain a noncommutative analogue of the Penrose twistor fibration CP 3 → S 4 , the most important geometric ingredient in the construction of instantons on the four-sphere. Indeed, every instanton bundle over S 4 is equivalent via pull back along the twistor fibration to a holomorphic vector bundle over twistor space CP 3 . By pulling them back to the homogeneous twistor space C 4 → CP 3 , such bundles are in turn quite easily constructed using algebraic methods [1] . The approach of [3, 4, 8] was to show that the same is true of instanton bundles over the noncommutative four-sphere; we adopt the same strategy herein.
Of particular novel value is our passage between the coordinate-algebraic description of homogeneous twistor space and its topological description at the C * -algebraic level. Since this is a construction involving non-compact spaces, this is problematic even in the classical case (where coordinate functions act as unbounded operators on the space of continuous functions). Our approach to this problem for the noncommutative twistor spaces constructed in the present paper is essentially an adaptation of techniques appearing in [19] , although it perhaps suggests a new approach to a more general reconciliation of algebraic-and differential-geometric techniques in the noncommutative setting.
In §4 we recall the basic definitions of Connes' theory of noncommutative spin manifolds, describing in particular how the Landstad-Kasprzak theory extends to give a procedure which yields isospectral deformations of spectral triples over classical spin manifolds. We then recall the gauge theory of a noncommutative spin manifold as described in [10, 3, 4] and elaborated upon in [7] .
Finally in §5 we present the main results of the paper. Using our description of the noncommutative twistor fibration, we present the construction of instantons on the classical sphere S 4 from the point of view of C * -algebras and noncommutative topology, which we then deform using the Landstad-Kasprzak deformation theory. The parameter spaces of instantons so obtained are a priori noncommutative: we show that, using the internal gauge theory of the noncommutative four-sphere, one may always recover a classical space of parameters. In conclusion we deduce that the gauge theory of the quantum four-sphere is an important part of its noncommutative geometry, in the sense that the topology of the space of instanton gauge fields on S 4 σ tells us a great deal about its differential structure.
Some basic notation and terminology. Given a separable C * -algebra A, we write M(A) for the multiplier algebra of A, usually equipped with the strict topology. Recall that a C * -algebra A is unital if and only if A = M(A). We write Aut(A) for the group of all * -automorphisms of A. By a morphism of C * -algebras A → B we mean a continuous * -algebra map φ : A → M(B) from A into the multiplier algebra M(B) such that φ(A)B is norm dense in B.
We describe unbounded linear operators on A using the notation T : Dom(T ) → A, where Dom(T ) ⊆ A denotes the (necessarily dense) domain of T . Let T : Dom(T ) → A be an unbounded linear operator on A. Then T is said to be affiliated to A, and we write T ηA, if there exists an element z T ∈ M(A) such that ||z T || ≤ 1 and (x ∈ Dom(T ) and y = T x) ⇔ ∃ a ∈ A such that x = (1 − (z T ) * z T ) 1/2 a and y = z T a .
We write A η for the set of all linear operators affiliated to A. The element z T is called the z-transform of T . It has the property that a multiplier z ∈ M(A) is the z-transform of some affiliated element T ∈ A η if and only if ||z|| ≤ 1 and (1 − z * z) 1/2 A is linearly dense in A. Amongst the many useful properties of affiliated elements, one finds that M(A) ⊆ A η and that if T ∈ A η and a ∈ M(A) then both T a ∈ A η and aT ∈ A η . In particular, if A is a unital C * -algebra, then A η = A.
For an arbitrary C * -algebra A there is in general no way to add or multiply affiliated elements. However, when A = C 0 (X) is a commutative C * -algebra one finds that A η = C(X), the algebra of continuous functions on X. Indeed, if a ∈ C(X), let T be the operator on A given by multiplication by a. By definition, we have
One checks that the z-transform of T is the function z T (x) := a(x) (1 + a * (x)a(x)) −1/2 and hence that T ∈ A η . Conversely, if T ∈ A η then z T belongs to the multiplier algebra M(A) = C b (X), with ||z T || ≤ 1 and |z T (x)| < 1 for all x ∈ X (otherwise the set Dom(T ) = (1 − z * T z T ) 1/2 A would not be dense in A). It follows that, by setting
we obtain an element a ∈ C(X) such that the operator T coincides with multiplication by a. We shall use the affiliation relation extensively in the present paper, as a way of relating elements of the function spaces C(X) and C 0 (X) (and their generalizations to the noncommutative setting). 2. Duality for Crossed Product C * -Algebras
In the present paper the fundamental construction will be that of the crossed product algebra A>⊳ α Γ associated to the action α : Γ → Aut(A) of a locally compact Abelian group Γ on a C * -algebra A. In this section we review the various aspects of the theory that we shall need.
2.1. Landstad duality for covariant systems. In this paper, by a covariant system we shall mean a triple (A, Γ, α), where Γ is a locally compact Abelian group and A is a C * -algebra equipped with a strongly continuous action α : Γ → Aut(A). Associated to the system (A, Γ, α) there is the * -algebra C c (Γ, A) of continuous compactly supported A-valued functions on Γ, equipped with the multiplication and involution operations
where the integral is with respect to the Haar measure on Γ. The crossed product algebra associated to the system (A, Γ, α) is the completion of C c (Γ, A) with respect to the C * -norm induced by the left regular representation; we denote it by A>⊳ α Γ.
Remark 2.1. The crossed product algebra associated to the covariant system (C, Γ, id) is nothing other than the group C * -algebra C * (Γ), i.e. the completion of the * -algebra of continuous compactly supported functions C c (Γ) equipped with the usual convolution product and involution.
A covariant representation of the system (A, Γ, α) is a pair µ = (µ Γ , µ A ), where µ Γ : Γ → U(H µ ) is a unitary group representation and µ A : A → B(H µ ) is a representation of A by bounded operators on the same Hilbert space H µ , which together obey the covariance condition
for all g ∈ Γ, a ∈ A. The representation theory of the crossed product algebra A>⊳ α Γ completely encodes the covariant representations of the triple (A, Γ, α). Indeed, every covariant representation of (A, Γ, α) on H µ gives rise to a representation of A>⊳ α Γ on H µ via the integrated form
Conversely, given a representation µ : A>⊳ α Γ → B(H µ ), one uses the canonical inclusions
to recover a covariant representation (µ Γ , µ A ) of (A, Γ, α) by setting µ Γ := µ•ι Γ and µ a := µ•ι A .
Next we come to describe Landstad duality for covariant systems [24] . Given a locally compact Abelian group Γ, we write Γ for its Pontryagin dual group. The fundamental notion in Landstad's theory is that of a Γ-product, whose definition we now recall. Definition 2.2. A C * -algebra B is said to be a Γ-product if:
(i) there is a continuous homomorphism
of Γ into the unitary group of M(B); (ii) there is a homomorphism
such that (B, Γ,α) is a covariant system andα ξ (λ g ) = ξ(g)λ g for all g ∈ Γ and ξ ∈ Γ.
By integration, the unitary representation λ : Γ → UM(B) extends to a * -algebra map C c (Γ) → M(B) and hence to a morphism of C * -algebras C * (Γ) → B. Identifying C * (Γ) with C 0 ( Γ) via Fourier transform, we get an injective morphism λ : C 0 ( Γ) → B, realizing C 0 ( Γ) as a subalgebra of M(B). Given a Γ-product (B, λ,α), there is an important role attached to the set of elements of the multiplier algebra M(B) obeying the following special conditions. Definition 2.3. Let B be a Γ-product. An element x ∈ M(B) is said to satisfy Landstad's conditions if:
(i) x is a fixed point of the Γ-action, namelyα ξ (x) = x for all ξ ∈ Γ; (ii) for all g ∈ Γ the map g → λ g xλ * g is norm continuous;
In terms of these definitions, the essence of Landstad duality is the following. Given a covariant system (A, Γ, α), there is an actionα of Γ on C c (Γ, A) defined by
which extends to an actionα : Γ → Aut(A>⊳ α Γ) such that the triple (A>⊳ α Γ, Γ,α) is a covariant system. Moreover, the C * -algebra A>⊳ α Γ is a Γ-product and each element in A satisfies Landstad's conditions. The triple (A>⊳ α Γ, Γ,α) is called the dual system of (A, Γ, α).
The actionα of Γ is nothing other than the Takai-Takesaki dual action; it has the property that, modulo compact operators, the 'double dual' system (A>⊳ α Γ)>⊳α Γ is isomorphic to A.
Conversely, a C * -algebra B is a Γ-product for a given Abelian group Γ only if there is a covariant system (A, Γ, α) such that B = A>⊳ α Γ. In particular, the C * -algebra A consists of those elements in M(B) satisfying Landstad's conditions, whereas the Γ-action is defined by α g (a) := λ g aλ * g for each a ∈ A and g ∈ Γ. The triple (A, Γ, α) is unique up to isomorphism. In the special case where Γ is a compact group, its Pontryagin dual group Γ is discrete. For each ζ ∈ Γ, we define the corresponding ζ-spectral subspace by
These spectral subspaces give a Γ-grading of A, in the sense that there is a decomposition
with infinite series on the right hand side converging on an appropriate dense subalgebra of A [28] .
2.2. Landstad-Kasprzak deformation theory. Landstad duality identifies the conditions under which a given C * -algebra B can be decomposed as a crossed product B = A>⊳ α Γ for a given Abelian group Γ, the crucial component of this characterization being the Takai-Takesaki dual actionα. Kasprzak's observation [19] is that the actionα may be deformed to give a new action and consequently a new Γ-product structure on B.
By a two-cocycle σ on Γ we mean a continuous map σ : Γ × Γ → T with values in the circle group T obeying the identities
Remark 2.4. A bicharacter on the group Γ is a continuous map σ : Γ × Γ → T such that the maps σ 1 ξ : η → σ(ξ, η) and σ 2 η : ξ → σ(ξ, η) each define characters of the group Γ and hence elements of the group Γ. Since Γ is Abelian, every two-cocycle on Γ is cohomologous to a bicharacter [20] .
Given a Γ-product (B, λ,α) and a two-cocycle σ on Γ, for each ξ ∈ Γ we define a unitary element U ξ := λ(σ 1 ξ ) of the multiplier algebra M(B). Then there is a twisted action of Γ on B defined by
This action too obeys the relation
and hence it defines a Γ-product structure on the C * -algebra B. Immediately from the Landstad theory it follows that there must exist a C * -algebra A σ and an action α σ :
Remark 2.5. One of the main results in [19] is that, if σ 1 and σ 2 are cohomologous cocycles, then the corresponding C * -algebras A σ 1 and A σ 2 are canonically isomorphic. In light of Rem. 2.4, we may as well work exclusively with bicharacters instead of two-cycles.
The C * -algebra A σ is identified with the fixed points in M(B) under the actionα σ of Γ. It carries the Γ-action α σ defined by
Note that it is not the formula defining the Γ-action which changes under the deformation, rather its domain of definition.
Following [17] , we can be rather more precise about the algebras A and A σ . Indeed, A is by construction identified with the fixed subalgebra of M(A>⊳ α Γ) under the Γ-action defined bŷ α ξ (f )(g) = ξ(g)f (g), where ξ ∈ Γ, g ∈ Γ and f ∈ C c (Γ, A). The fixed points of this action are precisely the set of distributions concentrated at the group identity of Γ, which make sense as elements of the multiplier algebra. They give an algebra isomorphic to A.
On the other hand, for the algebra A σ the dual action is defined using the elements U ξ := λ(σ 1 ξ ) for ξ ∈ Γ. By the covariance property (2.2), the adjoint action of U ξ coincides with the action of α σ 1 ξ and so it follows that
for all g ∈ Γ, ξ ∈ Γ and f ∈ C c (Γ, A). The fixed subalgebra whereα σ ξ (f ) = f is therefore seen to consist of those functions f satisfying
for all g ∈ Γ, ξ ∈ Γ, upon making a suitable change of variable.
As one might expect, this deformation construction has a number of important functorial properties [19] . In particular, let (I, Γ, α I ), (A, Γ, α) and (B, Γ, β) be covariant systems and suppose there is an exact sequence of C * -algebras
consisting of Γ-equivariant morphisms. Let σ be a two-cocycle on Γ and let I σ , A σ and B σ be the Landstad C * -algebras associated to the deformed dual actions. Then there is a Γ-equivariant exact sequence of C * -algebras
where the morphism π σ : A σ → B σ is the restriction of the morphism π : A>⊳ α Γ → B>⊳ β Γ to the Landstad algebra A σ ⊆ M(A>⊳ α Γ). The deformation operation A → A σ therefore gives an exact covariant functor from the category of Γ-equivariant C * -algebras to itself.
The Noncommutative Twistor Fibration
As already mentioned, one of the crucial ingredients in the study of instantons on the classical sphere S 4 is the Penrose twistor fibration CP 3 → S 4 . It encapsulates in its geometry the very nature of the anti-self-duality equations, enabling us to reinterpret instanton bundles on S 4 via pull-back in terms of algebraic vector bundles over CP 3 . In this section we briefly recall the details of this fibration from a topological point of view, which we then deform using the Landstad-Kasprzak deformation theory.
3.1. Classical and noncommutative twistor theory. In this section we recall the coordinatealgebraic description of the various spaces which constitute the twistor fibration, as a way to understand the maps involved [6] . Then by passing to the level of C * -algebras, we apply the deformation theory of the previous section to obtain a noncommutative analogue of the twistor space construction. We begin with the four-dimensional sphere S 4 .
Definition 3.1. The algebra A[S 4 ] of coordinate functions on the four-sphere is the commutative unital * -algebra generated by the complex coordinate functions x 1 , x 2 , their conjugates x * 1 , x * 2 and the real coordinate function x 0 = x * 0 , subject to the sphere relation (3.1)
To study instantons on the Euclidean space S 4 , one needs two versions of its associated twistor space. The first of these is nothing other than the complex vector space C 4 , which we refer to as homogeneous twistor space. The second is its corresponding projectivization CP 3 , which we refer to as projective twistor space. Definition 3.2. The algebra A[C 4 ] of polynomial functions on homogeneous twistor space C 4 is the commutative unital * -algebra generated by the coordinate functions z j , j = 1, . . . , 4, together with their conjugates z * l , l = 1, . . . , 4.
To obtain a coordinate-algebraic description of projective twistor space CP 3 (thought of as a real manifold), we note that specifying a one-dimensional subspace of C 4 is equivalent to specifying a matrix e ∈ M 4 (C) obeying
Since e is Hermitian, its eigenvalues must be real. As e is idempotent, these eigenvalues must be elements of the set {0, 1} and, from the trace condition on e, its image must therefore be a line in C 4 , i.e. the eigenspace with eigenvalue 1. This leads to the following definition.
Definition 3.3. The algebra A[CP 3 ] of coordinate functions on projective twistor space CP 3 is the commutative unital * -algebra generated by the entries of the self-conjugate matrix
subject to the relation Tr q = 1 and the relations coming from the projection condition q 2 = q, that is to say r q jr q rl = q jl for each j, l = 1, . . . , 4.
Let us write C 4 := C 4 \{0}. Then twistor space CP 3 is of course defined by the canonical projection C 4 → CP 3 . The coordinate algebra A[ C 4 ] is by definition obtained by adjoining to A[C 4 ] the inverse of the radius element i |z i | 2 . The fact that CP 3 is just the projectivization of C 4 translates into the fact that there is an injective * -algebra map
In this way, we immediately find the following coordinate-algebraic description of the Penrose fibration.
Lemma 3.4. There is a * -homomorphism of unital * -algebras A[
Proof. The required inclusion is given at the level of generators by
and extended as a * -algebra map. It is straightforward to check as in [6] that the sphere relation in A [S 4 ] is equivalent to the trace relation in the algebra A[CP 3 ].
We shall need some additional structure on the algebra map
. For later use, we introduce the map J :
) and extended as a * -algebra map. Equipping the algebra A[C 4 ] with the map J identifies the underlying space C 4 with the quaternionic vector space H 2 [23] . Using the identification of generators (3.3), the map J also defines an automorphism of the algebra A[CP 3 ], given on generators by
and extended as a * -algebra map.
Lemma 3.5. The invariant subalgebra of A[CP 3 ] under the automorphism
is isomorphic to the coordinate algebra A[S 4 ] of the four-sphere.
Proof. This follows immediately by direct calculation as in [6] , using the identification (3. Having dealt with the algebraic structure of the twistor fibration, we pass to the topological level of C * -algebras. The universal completions of the commutative unital * -algebras A[S 4 ] and A[CP 3 ] are respectively the unital C * -algebras C(S 4 ) and C(CP 3 ) of continuous functions on the compact spaces S 4 and CP 3 . On the other hand, the topology of the locally compact space C 4 is encoded by the non-unital C * -algebra C 0 (C 4 ) of continuous functions on C 4 vanishing at infinity.
The following lemma gives a C * -algebraic description of the topology of the twistor fibration, both at the homogeneous and non-homogeneous levels. Recall the definition of a morphism of C * -algebras given in §1.
There is a sequence
of injective morphisms of C * -algebras.
Proof. This is a consequence of Gelfand duality, with injectivity corresponding to the fact that the underlying maps are surjective morphisms of topological spaces. The second map is constructed by pulling back elements of C(CP 3 ) to obtain elements of the C * -algebra C b ( C 4 ) of bounded continuous functions on C 4 . The latter is nothing other than the multiplier algebra M(C 0 ( C 4 )), whence we obtain a morphism C(CP 3 ) → C 0 ( C 4 ).
We are now ready to illustrate the Landstad-Kasprzak deformation theory. Let us assume that Γ is a compact Abelian group acting continuously and equivariantly on the twistor fibration. By pulling back the actions of Γ on these spaces to continuous functions, we find that (3.7) is a Γ-equivariant sequence of C * -algebras, yielding a corresponding sequence of Γ-covariant systems.
Proposition 3.7. Given a two-cocycle σ : Γ × Γ → T there is sequence of injective morphisms
Proof. The deformation theory immediately gives a noncommutative version of the twistor fibration, obtained as application of the following three steps: (i) construct the crossed product algebras associated to the above covariant systems; (ii) introduce the Γ-product structures corresponding to the twisted Γ-actions; (iii) let C(S 4 σ ), C(CP 3 σ ) and C 0 ( C 4 σ ) be the Landstad algebras for these new Γ-products. Functoriality of the deformation induces the required morphisms.
As usual in noncommutative topology, we interpret C(S 4 σ ) and C(CP 3 σ ) as the C * -algebras of continuous functions on underlying 'virtual' spaces S 4 σ and CP 3 σ . We think of the morphism C(S 4 σ ) → C(CP 3 σ ) as giving a noncommutative analogue of the Penrose twistor fibration. Similarly, there is a virtual space C 4 σ associated to the deformed C * -algebra C 0 (C 4 σ ) giving a noncommutative analogue of the homogeneous twistor space. Since the C * -algebra C 0 ( C 4 ) is obtained from C 0 (C 4 ) by a quotient construction (given by taking the dual of the continuous inclusion C 4 ֒→ C 4 ), we also find by functoriality that C 0 ( C 4 σ ) is simply a quotient of C 0 (C 4 σ ) by an appropriate ideal.
Proposition 3.8. There is a Γ-equivariant isomorphism of C * -algebras
for which the C * -subalgebra of invariant elements is isomorphic to C(S 4 σ ).
Proof. It is clear that the map (3.6) extends to an isomorphism of C * -algebras
whose subalgebra of invariant elements is isomorphic to C(S 4 ). The above assumption that Γ acts equivariantly upon the twistor fibration means precisely that J commutes with the group action on C(CP 3 ). Functoriality ensures that, after deformation, we obtain a Γ-equivariant map with the necessary properties.
3.2. Algebraic structure of noncommutative twistor space. The previous section described how to deform the twistor fibration at the topological level of C * -algebras. For later use, we shall also need a description of the noncommutative twistor space C 4 σ at the algebraic level, in the sense that we need to understand how to deform the coordinate algebra A[C 4 ] in way which is compatible with the deformation of its topological version A := C 0 (C 4 ).
To this end, we note that A[C 4 ] is a unital * -subalgebra of the algebra C(C 4 ) of elements affiliated to the C * -algebra C 0 (C 4 ). Our strategy will be to deform the algebra A[C 4 ] in such a way that the elements of the resulting algebra A[C 4 σ ] are affiliated to the deformed C * -algebra
Remark 3.9. The way to proceed now depends upon the group Γ and so we have to make a choice. In keeping with the literature [11] we shall assume henceforth that Γ = T 2 is a compact two-torus with Pontryagin dual Γ = Z 2 (it is not difficult to imagine how one ought to proceed in other cases). This now means that there are in fact not so many choices for σ. Indeed, any twococycle on Z 2 is cohomologous to a bicharacter of the form σ((k, l), (m, n)) := exp(iθ(kn − lm)) for some real number θ (cf. [20] ).
The action of Γ on C 4 yields in particular an action
by * -algebra automorphisms. Without loss of generality we may as well assume [22] that it acts upon the generators z j , z * l according to (3.9) β
Immediately we obtain a decomposition of the algebra A[C 4 ] into spectral subspaces labelled by elements of Γ,
where the ζ-spectral subspace is defined to be
In contrast to the completed summation in eq. (2.4), the direct sum (3.10) is purely algebraic.
Let us define a collection {V ζ | ζ ∈ Γ} of unitary multipliers by
Since the elements of the commutative algebra A[C 4 ] are affiliated to the C * -algebra C 0 (C 4 ), it therefore makes sense to conjugate them by the multipliers V ζ , resulting in a new set of elements affiliated to C 0 (C 4 )>⊳ Γ. Given ζ ∈ Γ and a ∈ A ζ [C 4 ] an element of the ζ-spectral subspace, we defineâ := V ζ a V * ζ . It is not difficult to see that the elementsâ are normal operators. We already know that they are affiliated to the crossed product C 0 (C 4 )>⊳ Γ and so our task is to prove that they are also affiliated to the Landstad algebra C 0 (C 4 σ ) ⊆ M(C 0 (C 4 )>⊳ Γ) for the σ-twisted dual action. Proposition 3.10. Let f ∈ C 0 (C). Then for each a ∈ A ζ [C 4 ] the element f (â) belongs to the multiplier algebra M(C 0 (C 4 σ )).
Proof. First we check that f (â) is invariant under the twisted actionρ σ . In fact it is enough to check thatâ is invariant: we compute that
Individually computing each of the factors on the right hand side giveŝ
where the first calculuation uses the fact that the element a ζ isρ-invariant and the second uses the fact that λ is a group homomorphism. Substituting these expressions into eq. (3.12), we deduce thatρ
ζ =â, as required. Next we show that the map
is norm continuous. Indeed, we have that
and, since the function f is continuous and vanishes at infinity, the map (3.13) is indeed norm continuous. This shows that the element f (â) satisfies the first two of Landstad's conditions in Def. 2.3, whence it is an element of the multiplier algebra M(C 0 (C 4 σ )). Proposition 3.11. For each a ∈ A ζ [C 4 ], the set
Proof. It is straightforward to check that I is invariant under the actionρ σ , since the latter is implemented by the unitary elements λ r for each r ∈ Γ. Let g ∈ C 0 (C) be the function
where we have used the equality C * (Γ)V ζ = C * (Γ). It is clear that the set V * ζ A σ C * (Γ) is linearly dense in C 0 (C 4 )>⊳ Γ and so, since a is affiliated to C 0 (C 4 )>⊳ Γ, it follows that the set
is linearly dense in C 0 (C 4 )>⊳ Γ. Using the inclusion (3.14), we deduce that the set C * (Γ)IC * (Γ) is linearly dense in C 0 (C 4 )>⊳ Γ. Using [19, Lem. 2.6] we obtain the linear density of I in A σ .
Introducing the homomorphism of C * -algebras
for each j = 1, . . . , 4, we arrive at the desired theorem.
Theorem 3.12. For each a ∈ A ζ [C 4 ] the homomorphism π a is a morphism of C * -algebras and the elementâ is a normal operator affiliated to C 0 (C 4 σ ).
Proof. By Prop. 3.11, the norm closure of the set π a (C 0 (C))A σ is equal to A σ , which shows that π a : C 0 (C) → A σ is a morphism of C * -algebras. Let ι ∈ C 0 (C) η be the identity function defined by ι(z) = z for all z ∈ C. Then applying the morphism π a to the function ι, we find that π a (ι) = ι(â) =â ∈ (A σ ) η , whence the result.
Given an element of the coordinate algebra a ∈ A[C 4 ], we therefore obtain a new elementâ by first decomposing a into its spectral components according to eq.(3.10) and then taking the appropriate conjugate of each component. The latter theorem shows that this new elementâ is affiliated to the noncommutative C * -algebra C 0 (C 4 σ ). 
σ ] with respect to the spectral decomposition (3.10). The affiliation relation between the C * -algebra C 0 (C 4 σ ) (describing the topology of noncommutative twistor space) and the coordinate algebra A[C 4 σ ] (describing its algebraic structure) will be of particular importance in the final section, when we come to discuss the geometry of the noncommutative twistor fibration and the construction of instantons.
Gauge Theory on Noncommutative Spin Manifolds
It is the founding principle of noncommutative geometry that the structure of a classical Riemannian spin manifold is encoded very succinctly in terms of an associated spectral triple, a notion which gives a very natural way to generalize many of the standard tools of differential geometry to the context of noncommutative spaces. In this section we recall the basic theory of spectral triples and examine the extent to which their symmetries describe gauge theories. 4.1. Spectral triples and noncommutative spin geometry. Let A be a unital C * -algebra. According to the standard parlance of noncommutative geometry, we think of A as the algebra of continuous functions on some underlying 'virtual' compact topological space. The essence of a spin geometry on this noncommutative space is encapsulated by the following definition [9, 26] . 
is a dense * -subalgebra of A. Such a triple is called even if it is graded, i.e. if there exists a self-adjoint operator Γ : H → H with Γ 2 = id H such that ΓD + DΓ = 0 and Γµ A (a) = µ A (a)Γ for all a ∈ A. Otherwise the triple is said to be odd. Example 4.2. Let X be a compact Riemannian spin manifold and let A = C(X) be the C * -algebra of continuous complex-valued functions on X. Let H = L 2 (M, S) be the Hilbert space of square-integrable sections of the spinor bundle S, upon which A acts faithfully by pointwise multiplication, and let D : Dom(D) → H denote the Dirac operator on X determined by the Riemannian metric. The datum (A, H, D) is called the canonical spectral triple over A, for which the Lipschitz algebra A is nothing other than the * -algebra of Lipschitz functions on X. The canonical spectral triple is even if and only if the underlying manifold X is even-dimensional.
Next we come to the differential structure of a noncommutative spin manifold. Given a spectral triple (A, H, D) over a C * -algebra A, one associates to it a canonical first order differential calculus (Ω 1 D A, d) in the following way. Combining the canonical spectral triple over a Riemannian spin manifold X with the LandstadKasprzak deformation theory gives a natural way of obtaining noncommutative spin geometries. Indeed, let X be a compact Riemannian spin manifold and let (A, H, D) denote the canonical spectral triple over A = C(X). Suppose that X is equipped with an isometric action of a compact Abelian group Γ and denote by α : Γ → Aut(A) the corresponding action of Γ on A. Let σ : Γ × Γ → T be a two-cocycle on Γ and write (A σ , Γ, α σ ) for the twisted covariant system obtained from the classical covariant system (A, Γ, α).
The passage from A to A σ deforms the topological space X into a virtual noncommutative space X σ , in the sense that we regard A σ = C(X σ ) as the C * -algebra of continuous functions on X σ . However, we otherwise leave the spin structure alone, i.e. we leave unchanged the Hilbert space and the Dirac operator of the canonical spectral triple. The isometric action of Γ on X lifts to the spinor bundle S (although not canonically so, there are in general many inequivalent choices, cf. for example [13] ). Given such a lift, let us write µ Γ : Γ → B(H) for the corresponding unitary representation on the Hilbert space of square-integrable sections and assume that the action is smooth, in the sense that µ Γ (Dom(D)) ⊆ Dom(D). Then we have
for all g ∈ Γ. The first condition in (4.2) says that we have a covariant representation of (A, Γ, α) on the Hilbert space H and hence a representation of the crossed product A>⊳ α Γ. Using the isomorphism A>⊳ α Γ ≃ A σ >⊳ α σ Γ, we obtain a representation of the twisted covariant system (A σ , Γ, α σ ) on the same Hilbert space H.
The second condition in (4.2) implies that, by leaving the Hilbert space and the Dirac operator unchanged, we obtain a spectral triple (A σ , H, D) over the deformed C * -algebra A σ = C(X σ ) and hence a noncommutative spin geometry on the quantum space X σ . Here we write A σ for the Lipschitz algebra of A σ in the sense of Def. 4.1 (which should not be confused with the noncommutative coordinate algebras obtained as in Def. 3.13). The details are checked just as in [11, 5] . We write Ω * D (X σ ) for the differential calculus determined by the Dirac operator. Since the Dirac operator is unchanged, we call (A σ , H, D) the spectral triple over A σ obtained by isospectral deformation of the classical spectral triple (A, H, D) over A.
4.2.
Gauge theory of noncommutative spin manifolds. In classical Riemannian geometry, a unitary gauge theory over a given manifold X consists of a Hermitian vector bundle over X equipped with a metric-compatible connection. Here we recall how to generalize this idea to noncommutative spin manifolds.
Let A be a unital C * -algebra with norm · A . Recall that the notion of a Hermitian vector bundle over the underlying noncommutative space is given by that of a Hilbert A-module. 
such that E is complete in the norm e 2 = e, e A , where e ∈ E.
The module E plays the role of the space of continuous sections of an underlying vector bundle. Indeed, given a compact Hausdorff space X, every (finitely generated and full) Hilbert module E ⇌ C(X) is isomorphic to the right C(X)-module Γ(X, E) of continuous sections of some Hermitian vector bundle E → X. We write End * A (E) for the C * -algebra of adjointable linear operators [21] on a right Hilbert module E ⇌ A. If E is equipped with a representation B → End * A (E), we write B → E ⇌ A and say that E is a Hilbert B-A bimodule. Remark 4.6. Just as we did for spectral triples in Def. 4.1, we allow Hilbert modules E ⇌ A and Lipschitz modules E ⇌ A to be Z 2 -graded, which in turn imposes a grading on the C * -algebra End * A (E). In doing so, when taking tensor products of such modules we shall always mean the graded tensor product; similarly, the tensor product of graded linear operators will always be the graded one [18] . Let (A, H, D) be a spectral triple over a unital C * -algebra A. The following definition gives us an appropriate notion of connection on a noncommutative vector bundle. for all e, f ∈ Dom(∇) and all a ∈ A.
Now that we have a suitable notion of a vector bundle with connection, we are ready to discuss its gauge theory [9, 10, 7] . Let (A, H, D) be a spectral triple over a unital C * -algebra A and let E ⇌ A be a finitely generated right Hilbert A-module. In this paper we shall consider two types of gauge transformations which arise naturally in noncommutative geometry. The first is the obvious generalization of the unitary gauge group of a classical Hermitian vector bundle.
Definition 4.8. The external gauge group of the module E ⇌ A is the group
of unitary endomorphisms of the module E ⇌ A.
The external gauge group G e (E) of the module E ⇌ A acts upon a Hermitian connection
The second type of gauge transformation we shall need arises from the notion of Morita equivalence between C * -algebras. With (A, H, D) as above, recall that any C * -algebra B which is Morita equivalent to A is necessarily isomorphic to the algebra of adjointable endomorphisms of some finitely generated right Hilbert A-module, that is to say
D A of Hermitian connection, one may construct a new spectral triple (B, H E , D ∇ ) over the C * -algebra B by setting (4.5)
with B the corresponding Lipschitz algebra. This construction first appeared in [10] .
In the special case where B = E = A, a connection is given by an unbounded linear map for each u ∈ U(A). When the algebra A is commutative, the one-forms commute with functions and so the fluctuations D → D ω and the action (4.6) of the internal gauge group U(A) are trivial [10, 3] . The internal gauge group is therefore not visible in gauge theory over a commutative algebra: it is a purely 'quantum' phenomenon.
Remark 4.10. Although the external gauge group G e (E) and the internal gauge group U(A) may at first appear to be very different and irreconcilable entities, it turns out that there is in fact a very natural unifying framework in which these two notions of gauge transformation may be brought together [7] . More on this will be reported elsewhere.
The Noncommutative Topology of Instanton Gauge Fields
This final section is dedicated to the study of instantons on the noncommutative four-sphere S 4 σ constructed earlier in the paper. We begin with a brief review of the basic definitions of antiself-dual fields (instantons) and their gauge theory. We then recall the construction of instantons on the classical four-sphere S 4 , to which we apply the Landstad-Kasprzak deformation functor.
5.1.
Instantons on noncommutative four-spheres. Following Rem. 3.9, we recall that the topological deformation of S 4 described in §3.1 was implemented by the action of a two-torus Γ = T 2 acting continuously on the four-sphere S 4 . However, in order to preserve the spin geometry of S 4 and obtain an isospectral noncommutative manifold as in §4.1, we assume in addition that Γ acts upon S 4 by Euclidean isometries. The very form of the isometry group of S 4 justifies our assumption that Γ is a torus of rank two and not of higher rank.
In this section we shall simplify our notation and write A := C(S 4 σ ) for the Landstad-Kasprzak deformation of the classical C * -algebra C(S 4 ), writing (A, H, D) for the spectral triple over A obtained by isospectral deformation: this determines the noncommutative Riemannian spin structure of the quantum sphere S 4 σ . The corresponding Hodge structure is obtained just as in [5] . Let us recall the definition.
Definition 5.1. The Hodge * -operator on S 4 σ is the linear map * :
where ( , ) is the Hermitian structure on differential forms and ̟ denotes the volume form.
As an operator * : Ω r (S 4 σ ) → Ω 4−r (S 4 σ ), the Hodge * -operator obeys * 2 = (−1) r id and so, in particular, it maps the space Ω 2 (S 4 σ ) of two-forms onto itself. One therefore has a direct sum decomposition into eigenspaces
The elements of Ω 2 + are said to be self-dual; the elements of Ω 2 − are said to be anti-self-dual.
Now let E ⇌ A be a finitely generated right Hilbert A-module, which we assume arises as a deformation of the space of sections of a Γ-equivariant vector bundle over S 4 in the sense of [5] . Let ∇ : Dom(∇) → E ⊗ A Ω 1 (S 4 σ ) be a Hermitian connection on E and consider the spectral triple (B, H B , D B ) over the C * -algebra B = End * A (E) described in eq. (4.5).
The assumption that the module E is Γ-equivariant implies that it is in fact an A-bimodule and in particular that there is an isomorphism Hom
σ ) (cf. [5] for a careful explanation of these facts, in particular that End * A (E) is also an A-A-bimodule and so the right hand side of the latter identification is well defined). As a consequence, the Hodge * -operator extends to a linear map id ⊗ * : End *
Under the action (4.4) of the external gauge group G e (E), the curvature F ∇ of the connection ∇ transforms according to the rule
from which it follows that, if ∇ is an instanton, then so is the gauge-transformed connection ∇ U (due to the fact that, in the tensor product End * A (E) ⊗ A Ω 2 (S 4 σ ), the endomorphism U acts upon the factor End * A (E), whereas the Hodge operator acts only upon Ω 2 (S 4 σ ), cf. [5] ). The action of the two-torus Γ upon the classical sphere S 4 is by Euclidean isometries and so it commutes with the Hodge * -operator * : The action (4.6) of the internal gauge group U(A) upon the spectral triple (A, H, D), by unitary equivalences therefore preserves the eigenspace decomposition (5.1) of two-forms into self-dual and anti-self-dual components, since the same is true in the classical case. It follows that the internal gauge group also preserves the anti-self-dual curvature condition and so it has a well defined action upon the space of instanton connections.
Remark 5.3. The philosophy that we shall adopt in the present paper is that, if we wish to construct the space of gauge equivalence classes of instanton connections on a given vector bundle over S 4 σ , we should divide the space of all such instanton connections not just by the group of external gauge transformations (as we would do in classical geometry) but also by the action of the internal gauge group (cf. [4] ).
5.2.
Construction of instantons on the classical sphere. In order to construct instantons on the noncommutative sphere S 4 σ , our strategy will be to start with the construction of instantons on the classical sphere S 4 and then to see what happens to this construction under the deformation. Let E ⇌ A be a finitely generated right Hilbert module over the C * -algebra C(S 4 ), necessarily isomorphic to the space Γ(S 4 , E) of continuous sections of some Hermitian vector bundle E → S 4 .
Let us further specify the topology of our vector bundle by assuming that E ⇌ A has Chern numbers ch 0 (E) = n and ch 2 (E) = k, the noncommutative analogues of the rank and the first and second Chern classes [9, 16] (the first Chern class ch 1 (E) is automatically zero, since it takes values in the trivial homology group H 2 (S 4 , Z)).
As already mentioned, in this case the action of the internal gauge group is trivial and so the gauge freedom for connections on E is given by the external gauge group G e (E). Given a connection ∇ we write [∇] for its equivalence class under the action of this gauge group.
Definition 5.4. The moduli space of instantons on E is defined to be the set
The moduli space M k,n has a natural topology inherited from that of the affine space of all connections on E although, of course, it is far from being Hausdorff, due to the presence of singularities coming from the fixed points of the gauge group action.
As remarked in the introduction, the construction of instantons is equivalent to the construction of holomorphic vector bundles over CP 3 . The crucial ingredient in doing so is the following.
Definition 5.5. Let k, n ∈ Z be fixed positive integers. A monad with indices k, n over homogeneous twistor space C 4 is a complex of free right C 0 (C 4 )-modules
where H, K and L are complex vector spaces of dimensions k, 2k + n and k respectively, such that the right module maps ρ z , τ z are linear in the coordinates z 1 , . . . , z 4 of C 4 .
In the latter definition, we think of the coordinate functions z 1 , . . . , z 4 ∈ C(C 4 ) as unbounded operators affiliated to the C * -algebra C 0 (C 4 ). As such, they act upon C 0 (C 4 ) via their ztransforms,
for each j = 1, . . . , 4. The module maps ρ z , τ z being linear in the coordinate functions z 1 , . . . , z 4 means that they have the form
for complex-valued matrices M j ∈ M k,2k+n (C) and N l ∈ M 2k+n,k (C) with j, l = 1, . . . , 4. This gives meaning to the composition of the maps ρ z and τ z , viz.
For j ≤ l the quantities z j z l are all linearly independent, from which the condition τ z • ρ z = 0 becomes explicitly Definition 5.6. Given a monad (5.2), we define its conjugate monad to be the complex of free right modules
Definition 5.8. A monad (5.2) which is equivalent to its conjugate (5.5) is said to be selfconjugate. We write M k,n for the set of all self-conjugate monads with indices k, n ∈ Z.
The self-conjugacy condition imposes a certain relationship between the matrices M j and N l for j, l = 1, . . . , 4. Indeed, the adjoint maps ρ ′ J(z) and τ ′ J(z) have the explicit form
where M j * and N l * denote the conjugate transpose matrices. From this one easily finds that, for a monad to be self-conjugate, we must have (5.6 )
In this way, we think of the matrix elements M ab j and N cd l (modulo the relations (5.4) and (5.6)) as parametrizing the space M k,n of self-conjugate monads.
Monads are the input data for the construction of instantons on S 4 . Indeed, the ADHM construction [2] provides an algorithm for converting monads over C 4 into vector bundles over S 4 equipped with an instanton connection. Given a monad (5.2), its cohomology is a holomorphic vector bundle over CP 3 with rank n and second Chern number k. The self-conjugacy condition (of being invariant under the quaternionic involution (3.6)) implies that this bundle is the pullback of a Hermitian vector bundle over S 4 with the same rank and Chern number; the canonical connection on this bundle has anti-self-dual curvature and every such connection arises from a monad in this way.
It is known [2] that any two instanton connections are equivalent under the action of the gauge group G e (E) if and only if they arise from monads which are equivalent in the sense of Def. 5.7. In this way, the moduli space of instantons on a given Hermitian vector bundle over S 4 is given by the quotient
As already mentioned, since the algebra A = C(S 4 ) is commutative, the action (4.6) of the internal gauge group U(A) is trivial [10, 3] and so plays no role in the classical case.
The subtle but important feature of the construction is that it replaces the rather awkward infinite dimensional space of all instanton connections by the much more manageable finite dimenional space M k,n . Similarly, the infinite dimensional gauge group G e (E) is replaced by the finite dimensional group
Obtaining the moduli space in this way as the quotient of finite dimensional spaces is a far easier computation [14] . Our next step is to investigate the effect of the Landstad-Kasprzak deformation theory of the twistor fibration upon the moduli space M k,n and its topology.
5.3.
A noncommutative space of monads. We now look to modify this formulation of the space of monads over classical twistor space C 4 , with a view to obtaining an analogous picture of the space of monads over noncommutative twistor space C 4 σ and hence a construction of instantons on the quantum sphere S 4 σ . The first step is to deform each of the free modules appearing in the complex (5.2) into free C 0 (C 4 σ )-modules. In order to deform the algebra C 0 (C 4 ), we used the action
where r ∈ Γ, a ∈ C 0 (C 4 ) and x ∈ C 4 . Given a finite-dimensional vector space H, the action (5.8) extends to an action of Γ on the free right module H ⊗ C 0 (C 4 ) by Proof. We consider E := A as a right Hilbert module over itself by right multiplication, with A-valued inner product defined by a, b A := a * b for each a, b ∈ E. We write π : A → End *
for the representation of A upon E by left multiplication. Then each ξ ∈ Γ gives rise to a representation of A upon E by
For fixed ξ ∈ Γ, we get a map
defined for each homogeneous element e ∈ A ζ and extended by linearity. This defines a unitary isomorphism of Hilbert modules which intertwines the representations π and π ξ , whence there exists a unitary element u ∈ End *
A (E) such that uπ(a)u * = π ξ (a) for all a ∈ A [12] . However, since A is unital, we have End * A (E) = A, from which the result follows immediately.
hence defining an action of Γ upon C 0 (M k,n σ ) by gauge transformations:
for each j = 1, . . . , 4 and each homogeneous element a ∈ C 0 (M k,n σ ) ζ , then extended to C 0 (M k,n σ ) by linearity. Once again it is shown in [4] that the corresponding noncommutative families of instantons produced by the noncommutative ADHM construction are related via conjugation by a unitary operator under the action of the group Γ.
It follows that the 'points' of the noncommutative space M k,n σ which lie in the same Γ-orbit describe gauge equivalent instanton connections. Consequently, we should quotient the space M k,n σ by the action of Γ in order to obtain a more efficient space of parameters. In this way, we obtain a covariant system (C 0 (M k,n σ ), Γ,δ) and hence an associated crossed product C * -algebra B := C 0 (M k,n σ )>⊳δ Γ describing the quotient of the space M Proof. It follows immediately from the definitions that α m r (λ ξ ) = ξ(r)λ ξ for all r ∈ Γ and all ξ ∈ Γ, which is all we needed to check. Since σ is a group bicharacter, we may expand the coefficients involving σ −2 in terms of the generators of the discrete group Γ, effectively reducing the situation to the algebraic case of [4] . As shown there, any choice of m = (m 1 , m 2 ) for which m 1 + m 2 = 1 makes the resulting algebra C 0 (M k,n m ) commutative.
Thus we have shown that, up to gauge transformations induced by the inner automorphisms of the C * -algebra C(S 4 σ ), the system of instantons described by the space of monads over noncommutative twistor space C 4 σ is determined equally well by each of the quantum parameter spaces M k,n m . Moreover, by making a certain choice of internal gauge, this parameter space may always be chosen to be classical.
Within the parameter spaces M k,n m there still remains the gauge freedom afforded by the finite dimensional group G of eq.(5.7). Indeed, recall that, in order to compute the moduli space of instantons on the classical sphere S 4 , it is sufficient to replace the infinite dimensional gauge group by its finite dimensional counterpart. Moreover, in the above computations, we have replaced the infinite dimensional group U(A) by the discrete group Γ = Z 2 . It is therefore natural to conjecture that, in order to compute the moduli space of instantons on the quantum sphere S 4 σ , it is sufficient to replace the infinite dimensional gauge groups G e (E) and U(A) by the much simpler groups G and Γ.
Concluding Remarks
We conclude with a summary of the present paper, together with a few remarks regarding some technical points which have been overlooked and some possible directions of future research.
